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Abstract
Let Z⊆R be a subgroup of the rationals and (S;≤) a 2nite poset. In this paper we introduce
the category Rep(S; R) of homogeneous completely decomposable groups H of type R with
distinguished homogeneous completely decomposable subgroups Hi (i ∈ S) of the same type,
respecting the order of S, i.e. if i; j ∈ S and i ≤ j, then Hi ⊆Hj . We construct a category
equivalence between the two categories Rep(S; R) and Rep(S; R0), where R0=End(R). Using this
equivalence we are able to obtain decomposition theorems for certain subclasses of Rep2(R) and
Rep3(R). We prove that these special representations admit a decomposition into indecomposable
representations of rank ≤ 2. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 20K20
1. Introduction
Let R be a ring and S = (S;≤) a 2nite poset. Recall that we denote by Rep(S; R)
the category of all representations F = (F; Fi: i ∈ S), where F and Fi⊆F are free
R-modules (i ∈ S) such that Fi⊆Fj whenever i ≤ j (i; j ∈ S). The homomorphisms are
the obvious ones which map the submodules correspondingly, i.e., if F= (F; Fi: i∈ S)
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and G=(G;Gi: i∈S) are elements of Rep(S; R), then a homomorphism 	 ∈ HomR(F;G)
is a homomorphism 	 ∈ HomR(F;G) such that 	(Fi)⊆Gi for i ∈ S. If S consists of n
incomparable points, then we say Repn(R) for short. It is well known by the stacked
bases theorem (see [2]) that for a principal ideal domain R all elements F=(F; F1) of
Rep1(R) such that F=F
1 is a direct sum of cyclic modules decompose into a direct sum
of indecomposable rank 1 representations inside the category Rep1(R) (the rank of F
is the rank of F). Under certain additional assumptions it was shown by Dugas et al.
[3,5], using ideas from [4] that also representations F=(F; F1; : : : ; Fn) ∈ Repn(R) (n=
2; 3) decompose into indecomposable representations of rank ≤ 2 for a principal ideal
domain R. Moreover, Dugas and G+obel gave examples in [3] which show that the
conditions posed on F are necessary.
Let Z⊆R be a subgroup of the rationals Q. Recall that a homogeneous completely
decomposable group of type R is a torsion-free abelian group H which is the direct
sum of rank 1 groups, all isomorphic to R, i.e. H =
⊕
i∈I hiR for some hi ∈ H . We
say that a pair H 1⊆H has stacked bases if there exist hi ∈ H and ri ∈ R (i ∈ I) for
some index set I such that H =
⊕
i∈I hiR and H
1 =
⊕
i∈I rihiR. It was shown in [9]
that a pair H 1⊆H of homogeneous completely decomposable groups of the same type
R has stacked bases if and only if the quotient H=H 1 is a direct sum of cyclic torsion
groups and a homogeneous completely decomposable summand of type R.
In this paper we introduce the category Rep(S; R) of homogeneous completely de-
composable groups with distinguished homogeneous completely decomposable sub-
groups of the same type. For H= (H;H i: i ∈ S) ∈ Rep(S; R) we assume that Hi⊆Hj
if i ≤ j (i; j ∈ S). We show that there exists a category equivalence between the
categories Rep(S; R) and Rep(S; R0), where R0 = End(R) is the so called nucleus of
R. Moreover, we prove that certain subcategories of Repn(R) are mapped onto the
corresponding subcategories of Repn(R0). Using this correspondence and theorems by
Dugas et al. [3–5] we also show that representations in Rep2(R) and Rep3(R) admit
a decomposition into indecomposables of rank ≤ 2 if certain conditions are satis2ed.
Our main result should be seen as a result for homogeneous completely decomposable
groups with two or three distinguished subgroups that extends the stacked bases the-
orem mentioned above. The techniques we use extend the techniques by Metelli and
Salce from [8] to our setting.
For standard notations and basic facts about homogeneous completely decomposable
groups we refer to [6] and for categorical facts to [1].
2. Preliminaries
Let H =
⊕
i∈I hiR be a homogeneous completely decomposable group of type R,
where Z⊆R is a subgroup of the rationals Q. By R0 = End(R) we denote the nucleus
of R which is the largest subring of Q contained in R and by (R)={p ∈ : pR¡R}
we denote the set of primes in R. Following notations from [8] we set
HR = {h ∈ H : H (h) ≥ R(1)};
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where H (h) and R(1) denote the characteristics of h and 1 inside H and R, respec-
tively [6]. It was shown in [8] by Metelli and Salce that HR is a free R0-module and
that H ∼= HR ⊗R0 R. Using this observation, a homogeneous completely decomposable
group of type R can therefore naturally be related to a free R0-module. Generalizing
a deep result by Hill and Megibben from [7] which characterizes free resolutions of
abelian groups by numerical invariants, Salce and the author considered in [9] the class
G of R0-modules which are uniquely determined by their tensor product with R, i.e.
G = {M ∈ R0-Mod : M ⊗R0 R ∼= N ⊗R0 R ⇒ M ∼= N for all N ∈ R0-Mod}. Extending
the War2eld equivalence from [10] the following theorem was proved in [9]. For the
rest of this paper the tensor product is always taken over the ring R0.
Theorem 2.1 (Salce and Str+ungmann [9]). Let M be an R0-module. Then the follow-
ing hold:
(i) M ∈G if M=tM is free or Mp = 0 for almost all p∈(R); where Mp is
the p-primary component of M and tM denotes the torsion part of M ;
(ii) if M is torsion; then M ∼= M ⊗ R.
The above theorem shows that in particular torsion and torsion-free R0-modules
are uniquely determined by their tensor product with R. This observation implies the
following lemma.
Lemma 2.2. Let M be an R0-module. Then M is torsion-free (torsion) if and only if
M ⊗ R is torsion-free (torsion).
Proof. It is well known that for any R0-module M we have
t(M ⊗ R) ∼= tM ⊗ R and (M ⊗ R)=t(M ⊗ R) ∼= (M=tM)⊗ R;
where tM and t(M ⊗R) denote the torsion parts of M and M ⊗R, respectively. Hence
the implication ⇒ is trivial and the converse implication follows by Theorem 2.1(i)
and (ii).
As an easy application of the characterization of the class G we obtain the following
technical lemma which shall be used later.
Lemma 2.3. Let H be a homogeneous completely decomposable group of type R and
Hi⊆H for i ∈ I . Then the following hold:
(i) Hi is pure in H if and only if HiR is pure in HR; hence H=H
i is torsion-free if
and only if HR=H iR is torsion-free;
(ii) If Hi ∩ Hj = {0}; then HiR ∩ HjR = {0};
(iii) (
⊕
i∈I H
i)R =
⊕
i∈I H
i
R;
(iv) (Hi ∩ Hj)R = HiR ∩ HjR.
Proof. Since all modules are torsion-free, Hi is pure in H if and only if H=Hi
is torsion-free. Note that for torsion-free HR=H iR we clearly have (HR=H
i
R) ⊗ R ∼=
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(HR ⊗ R)=(HiR ⊗ R) ∼= H=Hi, hence H=Hi is torsion-free by Lemma 2.2. Conversely, if
H=Hi is torsion-free, then HiR =H
i ∩HR, hence HR=H iR is torsion-free. Thus Hi is pure
in H if and only if HiR is pure in HR and (i) holds. (ii) is trivial and (iii) and (iv)
can easily be checked using elementary properties of heights.
In the next section we use the above results to introduce the category Rep(S; R)
of homogeneous completely decomposable groups with distinguished subgroups of the
same type (S a 2nite poset).
3. A category equivalence
Let Z⊆R be a subgroup of the rationals and (S;≤) a 2nite poset. Analogeous
to the case of free modules over a ring we de2ne Rep(S; R) to be the category of
representations H = (H;H i: i ∈ S), where Hi⊆H are homogeneous completely de-
composable groups of type R and Hi⊆Hj if i ≤ j (i; j ∈ S). The morphisms are
the group homomorphisms which preserve the distinguished submodules Hi. Note that
the category Rep(S; R) naturally coincides with the category Rep(S; R0) if R= R0. For
F ∈ Rep(S; R0) we denote by F⊗R the representation (F⊗R; Fi⊗R: i ∈ S) ∈ Rep(S; R)
and for H ∈ Rep(S; R) we let HR be the representation (HR;H iR: i ∈ S) ∈ Rep(S; R0).
Using these notions we can now de2ne two functors which will turn out to form a
category equivalence between Rep(S; R) and Rep(S; R0). Let H;M ∈ Rep(S; R) and
’ ∈ Hom(H;M), then the functor
S : Rep(S; R)→ Rep(S; R0)
is de2ned by S(H)=HR ∈ Rep(S; R0) and S(’)=’ HR∈ Hom(HR;MR). Note that
this functor is well de2ned since ’ must map HiR into M
i
R for all i ∈ S. Furthermore,
let F;G ∈ Rep(S; R0) and  ∈ Hom(F;G); then we de2ne
S : Rep(S; R0)→ Rep(S; R)
by setting S(F) = F⊗ R ∈ Rep(S; R) and S( ) =  ⊗ idR ∈ Hom(F⊗ R;G⊗ R).
Lemma 3.1. For any 8nite poset S the two functors S and S are covariant; additive
and commute with direct sums.
Proof. Let S be a 2nite poset. Obviously, both functors S and S are covariant
and by Lemma 2.3(iii) and the fact that the tensor functor ⊗ R commutes with
arbitrary direct sums we conclude that S and S commute with direct sums. To
show additivity it is enough to recall that for homomorphisms f and g we have the
identities (f⊗ idR)+ (g⊗ idR)= (f+ g)⊗ idR and (f+ g) HR =f HR +g HR , hence
additivity follows immediately.
The next theorem shows that the two categories Rep(S; R) and Rep(S; R0) are equiv-
alent.
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Theorem 3.2. For every 8nite poset S the two functors S and S form a category
equivalence between the categories Rep(S; R) and Rep(S; R0).
Proof. Let H be a homogeneous completely decomposable group of type R and F a
free R0-module. Metelli and Salce proved in [8] that the two functors o and o de2ne
a natural equivalence between the R-homogeneous completely decomposable groups and
free R0-modules. Therefore, we have the two natural isomorphisms H : HR⊗R→ H
sending h⊗ r onto hr and  F : F → (F ⊗R)R mapping f onto f⊗ 1. Thus we obtain
the following two commutative diagrams for H;M ∈ Rep(S; R) and F;G ∈ Rep(S; R0):
HiR ⊗ R
(’)−−−−→ MiR ⊗ R





Hi






Mi ,
Hi
’−−−−→ Mi
where ’ ∈ Hom(H;M) and H∗:=H , M∗:=M , i ∈ S ∪ {∗} and
Fi
’−−−−→ Gi





 Fi






 Gi ,
(Fi ⊗ R)R
(’)−−−−→ (Gi ⊗ R)R
where ’ ∈ Hom(F;G) and F∗:=F , G∗:=G, i ∈ S ∪ {∗}. Therefore, there exist natural
isomorphisms  ∼= 1Rep(S;R0) and  ∼= 1Rep(S;R). Hence  and  form a category
equivalence between Rep(S; R) and Rep(S; R0).
In the usual way, the category equivalence induces an isomorphism between the
endomorphism rings of objects and their images. Hence we have
Corollary 3.3. Let S be a 8nite poset and H ∈ Rep(S; R). Then EndRep(S;R)(H) ∼=
EndRep(S;R0)(S(H)) as rings.
Proof. The ring isomorphism is given by
! : EndRep(S;R0)(S(H))→ EndRep(S;R)(H); via’ → HS(’)−1H :
Using the above results numerous theorems proved in the category Rep(S; R0) carry
over to the category Rep(S; R). For example if S has 2nite representation type, then
any H ∈ Rep(S; R) decomposes into a direct sum of indecomposables. Moreover, any
R0-algebra which can be realized as the endomorphism ring of some F ∈ Rep(S; R0)
can also be realized as the endomorphism ring of some H ∈ Rep(S; R). Furthermore a
short exact sequence
0→ H→ H′ → H′′ → 0
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is (split) exact in Rep(S; R) if and only if the sequence
0→ S(H)→ S(H′)→ S(H′′)→ 0
is (split) exact in Rep(S; R0).
Finally, we apply the results of this section to prove a decomposition theorem which
can be considered as an extension of the stacked bases theorem for homogeneous
completely decomposable groups of the same type which was proved in [9].
4. Decomposition theorems
Let Z⊆R be a subgroup of the rationals and (S;≤) a 2nite poset. By Rep∗(S; R) we
denote the category of all H ∈ Rep(S; R) with the additional property that all Hi are
pure in H (i ∈ S). If S consists of n incomparable points, then we abbreviate S by n.
We now mainly restrict to the categories Rep∗2 (R) and Rep
∗
3 (R) and recall the de2nition
of a complemented representation H ∈ Rep3(R). Moreover, we de2ne complemented
also for Rep1(R) and Rep2(R) but the reader should keep in mind that the meaning of
complemented is diLerent for the various n ∈ {1; 2; 3}.
De"nition 4.1. Let Z⊆R be a subgroup of the rationals, n ∈ N and H ∈ Repn(R):
(i) H is called 1-complemented if H ∈ Rep1(R) and H=H 1 is a direct sum of
cyclic torsion groups and a homogeneous completely decomposable group of type
R;
(ii) H is called 2-complemented if H ∈ Rep∗2 (R), H 1 ∩ H 2 is a direct summand
of H and the quotient H=(H 1 + H 2) is a direct sum of a bounded group and
a homogeneous completely decomposable group of type R;
(iii) H is called 3-complemented if H ∈ Rep∗3 (R), H 1 + H 2 = H and Hi ∩ Hj = 0
for all i = j.
We now show that to each n-complemented representation H ∈ Repn(R) (n=1; 2; 3),
there exists a corresponding n-complemented representation in Repn(R0). This enables
us to carry over results from Repn(R0) to the category Repn(R).
Theorem 4.2. Let S be a 8nite poset and H ∈ Rep(S; R). Then the following hold:
(i) H ∈ Rep∗(S; R) if and only if (H) ∈ Rep∗(S; R0);
(ii) H∈Repn(R) is n-complemented if and only if n(H) is n-complemented
for n= 1; 2; 3.
Proof. Let H = (H;H i: i ∈ S) ∈ Rep(S; R). Then (i) follows by Lemma 2.3(i). To
prove (ii) we 2rst note that the if part is trivial by Theorem 2.1(ii) and the properties
of the tensor functor ⊗ R. Hence we only have to prove the only if part. If H
is 1-complemented, say H=H 1 = T ⊕ K , where T is a direct sum of torsion cyclic
R0-modules and K is a homogeneous completely decomposable group of type R, then
we let M =T ⊕F , where F is a free R0-module of the same rank as K . Now H=H 1 ∼=
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HR=H 1R ⊗ R ∼= M ⊗ R implies HR=H iR ∼= M since M is in the class G. Hence (i) holds
for n = 1. Now assume that H is 2-complemented and let H = (H 1 ∩ H 2) ⊕ C for
some C ⊆H . Then we obtain decompositions Hi = (H 1 ∩ H 2) ⊕ Ci with Ci⊆C for
i=1; 2. Clearly H 1R ∩H 2R = (H 1 ∩H 2)R is a direct summand of HR by Lemma 2.3(iii).
Moreover, similar arguments to those above show that HR=(H 1R + H
2
R) is a direct sum
of cyclic R0-modules with bounded torsion part. Note that H 1 + H 2 is homogeneous
completely decomposable of type R. Hence (H) is 2-complemented. Similarly, if
H is 3-complemented, then Lemma 2.3(ii) and (iii) show that HR = H 1R ⊕ H 2R and
HiR ∩ HjR = {0} for i = j. Hence (H) is 3-complemented and of 2nite rank provided
H is of 2nite rank.
As it was shown by Salce and the author in [9], two homogeneous completely de-
composable groups H 1⊆H of type R have stacked bases if and only if their quotient
H=H 1 is a direct sum of torsion cyclic groups and a homogeneous completely decom-
posable summand of type R. In the language of representations this result says that
a representation H ∈ Rep1(R) is a direct sum of indecomposables of rank 1 if and
only if it is 1-complemented. Similarly, we now obtain decomposition theorems for
n-complemented representations H ∈ Repn(R) by applying the above theorem to well
known theorems about n-complemented representations F ∈ Repn(R0) (n=2; 3). There-
fore, we state the following collection of results which can be found in [3,5], using
fundamental ideas from [4].
Theorem 4.3 (Dugas and G+obel [3] and Files and G+obel [5]). Let R0 be a principal
ideal domain and F ∈ Repn(R0).
(i) If F ∈ Rep2(R0) is 2-complemented; then F is a direct sum of indecomposable
representations of rank ≤ 2.
(ii) If F∈Rep3(R0) is 3-complemented of 8nite rank; then F is a direct sum of inde-
composable representations of rank ≤ 2;
As an immediate corollary we obtain the desired decomposition theorem.
Corollary 4.4. Let Z⊆R be a subgroup of the rationals and H ∈ Repn(R):
(i) ([9]) If H∈Rep1(R); then H is 1-complemented if and only if it is a direct sum
of rank 1 representations;
(ii) if H∈Rep2(R) is 2-complemented; then H is a direct sum of indecomposable
representations of rank ≤ 2;
(iii) if H∈Rep3(R) is 3-complemented of 8nite rank; then H is a direct sum
of indecomposable representations of rank ≤ 2.
Proof. Theorem 4.2 shows that for n-complemented representations H ∈ Repn(R) the
corresponding representation (H) in Repn(R0) is also n-complemented. Now, applying
Theorem 4.3 and the stacked bases theorem from [2] we have that (H) decomposes
as required. Tensoring by R we obtain the decomposition for H.
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This shows that also a special class of homogeneous completely decomposable
groups with two or three distinguished subgroups admit a stacked bases decompo-
sition in some sense. Moreover, the author would like to remark that the examples
given in [3] show that at least the condition imposed on H to be 2-complemented
cannot be dropped.
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